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The purpose of these notes is to describe the progress made on the 97 open problems 
formulated in the book Cardinal invariants on Boolean algebras, hereafter denoted 
by [CI]. Although we assume acquaintance with that book, we give some background for 
many problems, and state without proof most results relevant to the problems, as far as 
the author knows. Many of the problems have been solved, at least partially, by Saharon 
Shelah. For the unpublished papers of Shelah mentioned in the references, see his archive, 
which can currently be obtained at the URL 

[http://shelah.logic.at /| 

We follow the notation of Koppelberg [89] and of [CI] . All Boolean algebras are assumed 
to be infinite, unless otherwise indicated. 

At this time, the problems fully solved are: 2, 4, 10, 12, 16, 18, 20, 22, 24, 34, 35, 36, 
41, 42, 46, 47, 48, 51, 52, 55, 56, 60, 62, 76, 80, 92; those partially solved are: 1, 8, 11, 13, 
14, 21, 25, 26, 27, 32, 33, 37, 45, 50, 54, 73, 77, 78, 79, 81, 93; still open in the form given 
in [CI] are: 3, 5, 6, 7, 9, 15, 17, 19, 23, 28, 29, 30, 31, 38, 39, 40, 43, 44, 49, 53, 57, 58, 59, 
61, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 74, 75, 82, 83, 84-91, 94-97. 

Among those which are still unsolved, or partially unsolved, progress on the following 
may be possible without too much difficulty: 5, 7, 8, 9, 11, 13, 14, 21, 23, 29, 30, 31, 32, 
33, 37, 39, 43, 44, 45, 50, 54, 64, 68, 69, 70, 71, 72, 73, 74, 77, 78, 81, 84, 86, 90, 93, 94-97. 

Problem 1: cellularity of free products 

In its most general form, this problem is to fully describe what happens to cellularity in 
passing from BAs A, B to their free product A © B; more precisely, for which cardinals k 
and A are there BAs A, B such that c'(A) = k, c'(B) = A, and c'(A © B) > max(K, A)? 
Here c'(A) is the least cardinal \i such that A does not have a disjoint subset of size \i. 
Recall from the Erdos, Tarski theorem (see Koppelberg [89]) that c'(A) is always a regular 
cardinal. 

In case k = A, the problem is equivalent to asking for a BA A such that c'(A) = k 
and c'(A © A) > k. This is because of the elementary fact that 



(A x B) © (A x B) = (A © A) x (A © B) x (B © A) x (B © B). 



The problem has been worked on extensively by Shelah and Todorcevic. We mention only 
results which are not superceded by later work. 

(1) c'(A@B) < (2 C ^< B ^) + . Thus under GCH, c'(A@B) < max((c(A))++, (c(B))++). 
See [CI]. 

(2) Ifc'(A) < (2 K )+ and c'(fl) < k+, then c'(A®B) < (2 K ) + . Under GCH, ifc'(A) < k++ 
and c'(B) < K+, then c'(A © B) < k++. See [CI]. 
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(3) If k is strong limit, c'(A) < k+, and c'(B) < cf (k), then c'(A © S) < /c+. See [CI]. 

(4) It is consistent with ZFC that there is a BA A with c(A) = u and c(A ®A)>u. This 
is a classical result of Kurepa. See [CI] . 

(5) MA + ^CH implies that if c(A) = u = c(B), then c(A ®B)=oo. See [CI]. 
Note that (4) and (5) take care of the case k = A = ui of our problem. 

(6) For k regular and > ui, there is a BA A such that c'(A) = k + while c'(A © A) > k + . 
See Shelah [91]. 

(7) There is a BA A such that c'(A) = K 2 and c(A © A) > K 2 . See Shelah [97]. 

(8) If k is singular, then there is a BA A such that c'(A) = k + while c'(A © A) > «+. See 
Shelah [94]. 

Note that (6)-(8) take care of our problem when k = A is a successor cardinal. 

(9) If k is weakly compact and c'(A) = n, then c'(A © A) = k. This is obvious from the 
equivalent k — > (k) 2 of weak compactness. 

(10) If «; is inaccessible and has a stationary subset which does not reflect in any inacces- 
sible, and if cfJ is uncountable for each 5 G S, then there is a BA A with c'(A) = k while 
c'(A@ A) > k. 

This follows from Shelah [94'], 4.8, using Shelah [94"]. Recall that a stationary set on k 
reflects in a limit ordinal a < k iff S H a is stationary in a. 

These two last results come close to taking care of the = A regular limit. 

(11) It is consistent that for all BAs A, B, if c'(A) = N x and c'(B) < 2 N °, then c'(A®B) < 
2 N ». See Shelah [96]. 

(12) If /j, is a singular strong limit cardinal, 9 = (2 cf( - M ^) + , and 2 M = then there are 
BAs A, B such that c(A) = \i, c(B) < 9, and c(A © B) = Note that the hypothesis 
holds for every singular cardinal under GCH. See Shelah [00]. 

This finishes our survey of results concerning Problem 1. Note that the following are still, 
evidently, open. 

(a) If k is inaccessible but not weakly compact, and every stationary subset of k 
reflects in an inaccessible, is there a BA A such that c'(A) = k while c'(A © A) > k? 

(b) Describe fully the situation of the general problem when k ^ A. 

Problem 2: cellularity and ultraproducts 

This problem was solved by Magidor, Shelah [98]: It is consistent that there is an infinite set 
/, a system (Ai : i e I) of infinite BAs, and an ultrafilter F on I such that c(]^[ i€J Ai/F) < 

II, /'•(• ^ I//''- 
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Problem 3: the subalgebra-cellularity relation problem 

This general question is still open; no purely cardinal number characterization of cs r is 
known. 

Problem 4: a particular subalgebra-cellularity relation problem 

This problem was solved negatively by the following theorem in Monk, Nyikos [97]: 

For every infinite cardinal k and every BA A, if c(A) > k ++ and (k, k ++ ) G cs r (^4), then 
(« + ,« ++ )ec Sr (A). 

So in particular, if c(A) = U2 and (u>, U2) £ cs r (^4), then (cui,^) G cs r (^4), which solves 
problem 4. 

Problem 5: two more particular subalgebra-cellularity relation problems 

These two problems are still open. 

Problem 6: the homomorphism-cellularity relation problem 

This general problem is still open. 

Problem 7: two particular homomorphism-cellularity relation problems 

These two problems are still open. 

Problem 8: four particular homomorphism-cellularity relation problems 

Two of these have been solved. Theorem 4 in Monk, Nyikos [97] says: 

Suppose that ui < p < k. Let A be the subalgebra of £P(k) generated by [k]- p . Then 
c Hr (A) = S U T U U, where 

S = {(fi, v) : u < p < v < 2 P , v w = v}; 

T = {(//,//") : 2" <//<«}; 

U = {(ji, k p ) : 2 p < p, p p = k p , k < p}. 

Assuming CH and taking k = U2 and p = uj, we see that A is the algebra of countable and 
co-countable subsets of u 2: and 

CUr(A) = {(u,Ul), (CUI, Wl), (^2,^2)}- 

This solves Problem 8(i). 

Theorem 10 of Monk, Nyikos [97] says: 

Assume GCH, and let srf C [k+] k+ be such that the intersection of any two distinct members 
of srf has size < k, and \srf\ = k k . Let A be the k + -complete subalgebra of 
generated by .e/ U {{a} : a < k + }. Then 

c Hr (A) = {0, u) : u < p < v < k + , cf (1/) > uj} U {(k + , k ++ ), (k ++ , k ++ )}. 
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Taking k = u we get an algebra A such that 

CHr(^) = {(u>,u>i), (wi,a;i), (wi, w 2 ), (^2,^2)}, 

assuming GCH. This solves part (iii) of Problem 8. 
The other two parts of Problem 8 are still open. 

Problem 9: cellularity for pseudo-tree algebras 

This vague problem is still open. 

Problem 10: depth of amalgamated free products 

This problem is solved negatively in Shelah [02], by the following result (see Remark 1.2, 
4)): ' 

There is a countable BA A such that for every strong limit cardinal /i of cofinality No there 
exist B,C > A such that c(B), c(C) < n while c(B (Ba C) > n + . 

Problem 11: depth of amalgamated free products 

Some consistency results in Shelah [02] partially solve this problem. The easiest to state 
is the following part of Observation 1.8: 

If X is weakly compact, A< B,C, \A\ < X, and Depth'(S©^4 C) = X + , then Depth' (B) = 
A+ orDepth'(C) = A+. 

Problem 12: depth and ultraproducts 

This problem is solved positively by the following result of Shelah [00 2]: 

Assume that \i is a singular cardinal and [i = \i K > 2 K . Then there are BAs Bi for i < k 
such that: 

(i) Depth(Sj) < [i for each i < k. 

(ii) [i = |f| i<K Depth(Sj)/Z)| for any ultrafilter D on k. 

(iii) Depth (Hi< K B%l D) — f or an V uniform ultrafilter D on k. 

Problem 13: tightness and depth 

This problem is partially solved, negatively, by the following result of Roslanowski, Shelah 
[00] (Conclusion 7.6): 

It is consistent that there is a Boolean algebra A of size X such that there is an ultrafilter of 
A of tightness X, there is no free sequence of length X in A, and t(A) = X ^ Depth Hs (A). 

Of course it would be of interest to construct such an example in ZFC. 

Problem 14: depth and subalgebras 

This problem is partially solved, positively, by the following result of Roslanowski, Shelah 
[01], part of Conclusion 18: 
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It is consistent that there is a cardinal k such that there is a BA A of size (2 K ) + with 
Depth(A) = k while (u>, (2 K )+) £ Depth Sr (A). 

Again it would be of interest to construct such an example in ZFC. 

Problem 15: depth and subalgebras 

This vague problem is still open. 

Problem 16: the depth homomorphism relation 

This was solved by Shelah (email message of March 6, 1997). Evidently not written up 
yet. 

Problem 17: the depth homomorphism relation 

This vague problem is still open. 

Problem 18: topological density and homomorphisms 

This problem was solved by Juhasz and Shelah (email message from Shelah of March 6, 
1997). Evidently not written up yet. 

Problem 19: dn s 

This vague problem is still open. 

Problem 20: 7rs+ 

This problem has an obvious negative solution. For, under GCH, if \A\ is a limit cardinal, 
then every dense subset of A has size \A\. Suppose now that \A\ = k + . Then hq + A is 
either k or k + , and it is clearly attained. 

Problem 21: 7Th s 

The answer is consistently no according to an email message of Shelah of March 6, 1997; 
joint work with Spinas. Evidently this has not been written up. Of course an example in 
ZFC would be interesting. 

Problem 22: length and ultraproducts 

This problem was completely solved by the following result of Shelah [99] (Conclusion 
15.13 (2)). 

If D is a uniform ultrafilter on k, then for a class of cardinals X such that X K = X, there is 
a system (Bi : i < k) of Boolean algebras such that Length(Si) < A for each % < k, hence 
n i<K Length(S l )/D) < A, while Length(n, <K B./D) = X+ . 

Problem 23: on Length h _ 

This problem is still open. It may not be clear how this function is defined; we take its 
definition to be 

Length h _(A) = inf{sup{|X| : X is a chain of clopen subsets of Y} : Y C Ult(A)}. 
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Problem 24: Irr and products 

This was solved positively by Roslanowski, Shelah [00] (Theorem 3.1). 

Problem 25: Irr and ultraproducts 

A consistent example where this inequality holds was given by Shelah [oo]. Of course, an 
example in ZFC would be desirable. 

Problem 26: Irr and ultraproducts 

A consistent example where this inequality holds was given by Shelah [99] (part of Con- 
clusion 15.10). Of course, an example in ZFC would be desirable. 

Problem 27: Irr and s 

Roslanowski and Shelah [00] showed that the answer, consistently, is no, by the following 
result, Conclusion 4.6: 

It is consistent that there is a BA B such that Irr(S) = u and s(BQ)B) = Irr(BQ)B) = u\. 
Of course, a counterexample in ZFC would be desirable. 

Problem 28: Irr and ZFC 

This problem is still open; it is probably difficult. 

Problem 29: independence and homomorphic images 

This problem is still open. 

Problem 30: independence and subspaces 

This problem is still open. 

Problem 31: independence and subspaces 

This problem is still open. 

Problem 32: independence and cellularity 

Shelah [99] has several results relevant to this problem. A partial positive solution follows 
from 6.8 of Shelah [99], which says 

If k is weakly inaccessible and (2 M : \i < k) is not eventually constant, then there is a k-cc 
BA A of size 2 <hL with no independent subset of size k + . 

This gives, consistently, several examples solving Problem 32 positively. For example, take 
a model in which k = K Q is weakly inaccessible and 2 N/3 = K Q _|_^_|_i for each regular < k. 
Then 2 <K = K Q+a . For Problem 32 one can take p = v = K 3 , and A = K a+3 . 

Of course it would be good to describe completely what happens with cardinals as in 
the formulation of Problem 32. 
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Problem 33: independence and cellularity 

Shelah [99] has the following result, which gives a negative solution of this problem. 

(14.24 Conclusion) If ji = / u <Ai < 9 = 9 <e , then for some ^-complete, /j + -cc forcing P, in 
V p : If B is a k-cc BA of size > X, fj, <K = [i, and X is a regular cardinal in (/U,6>], then X 
is a free caliber of B. 

For Problem 33, we can apply this to a model of GCH, with \i = tt^+i and 9 = 
We then get a model such that if B is an Ki-cc BA of size > then K^+^+i is a 

free caliber of B. This shows that the case of Problem 33 in which fx = k = Ni, and 

A = K^+^+i has a negative solution. 

Although this solves Problem 33 as stated, it would be good to describe completely 
what happens with cardinals as in the formulation of Problem 33. 

Problem 34: independence and cellularity 

The result of Shelah [99] described above for Problem 32 also solves this problem positively. 

Problem 35: products and free caliber 

By Shelah [99], 6.11, consistently either answer to this question is possible. 

Problem 36: completions and free caliber 

By Shelah [99], 6.11, consistently either answer to this question is possible. 

Problem 37: complete Boolean algebras and free caliber 

The comment preceding Problem 37 is wrong; in Monk [83] it is merely observed that 
Freecal (IntalgL) is empty for those linear orders of size 2^ with a dense subset of size \i. 
This easy observation does imply that it follows from GCH that for every \x there is a 
complete BA of power 2 M with Freecal empty. 

A result in the other direction was obtained by Shelah [99], Claim 8.1: 

Assume GCH in the ground model, and let P be the partial order for adding K Wl Cohen 
reals. Then in the generic extension we have 2 N ° = 2 Nl = and: 

There is no complete BA A of size 2 Nl such that Freecal(A) = 0; in fact, every 
complete BA of that size has free caliber 2 Nl . 

Of course this leaves open what happens for other cardinals. 

Problem 38: specifying the set Freecal 
This problem is still open. 

Problem 39: Interval algebras and finite independence 

This problem is still open. 
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Problem 40: n and nx for complete BAs 

This problem is still open. 

Problems 41, 42: attainment of tightness 

The following example of J. C. Martmez [02] completely solves these problems negatively, 
in ZFC; there was an earlier consistency result of Roslanowski and Shelah: 

Let k be a limit cardinal such that A = f cfn > to. Let (n a : a < A) be a strictly increasing 
sequence of infinite successor cardinals with supremum k. For each a < A let G a be the 
ultrafilter on Intalg (« a ) generated by {[£, K a ) : £ < K a }. Let 

{w 
x G Y[ Intalg (n a ) : Va, < X(x a G G a iffxp G Gp) 

Then A is a subalgebra of []" <A Intalg (k q ). Now let 

F = {x G A:\/a < X(x a G G a )}. 

Then F is an ultrafilter on A. 

The tightness of A is equal to the tightness of F, which is k. On the other hand, A 
does not have a free sequence of length k. 

Problem 43: nx and attainment of tightness 

This problem is still open. 

Problem 44: tightness and unions 

This problem has been solved by Roslanowski and Shelah (email message of March 7, 
1997). I do not know where this will appear. 

Problem 45: tightness and depth 

This problem is solved negatively, consistently, by the following result of Shelah and Spinas 
[99]: 

Suppose that 0" exists. Let B be a superatomic Boolean algebra in the constructible universe 
L, and let A be an uncountable cardinal in V . Then in L it is true that t'(B) > X + implies 
that Depth' (B) > X. 

Here one applies Theorem 6 to get _R W (A + , A, u>), and then applies Corollary 5. 
Of course, a solution in ZFC would be desirable. 

Problem 46: ultraproducts and spread 

This problem was solved positively in Shelah [99] by the following result, part of Conclusion 
15.13: 
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If D is a uniform ultrafilter on k, then there is a class of cardinals x with the following 
properties: 

(i) X K = X- 

(ii) There are BAs Bi for i < k such that: 

(a) s(Bi) < x for each i < k, and hence \ Y\ i<K s(Bi) / D\ < x- 

Problem 47: ultraproducts and spread 

This was solved positively by the following result of Shelah, Spinas [oo] , part of Corollary 
2.4: 

There is a model in which there exist cardinals k, fx, a system (Bi : i < k) of BAs, and an 
ultrafilter D on k such that \ Yli< K s (Bi)/D\ — fi ++ and s(Y\i <K Bi) < fi + . 

Problem 48: ultraproducts and character 

This was solved positively by the following result of Shelah, Spinas [oo] , part of Corollary 
2.7: 

There is a model in which there exist cardinals fi, a system (Bi : i < k) of BAs, and an 
ultrafilter D on k such that \ Yli<K,x(Bi)/D\ — fi ++ and x(\\i< K Bi) < fi + . 

Problem 49: spread and character 

This problem is still open. It is related to the difficult problem of general S and L spaces. 

Problem 50: attainment for hL 

Two main results on this problem are found in Roslanowski, Shelah [Ola]. In section 1 of 
that paper they show (hypothesis 1.1 and Theorem 1.4): 

Suppose that (xi '■ i < cf(A)) is a strictly increasing sequence of infinite cardinals such that 
(2 cf ( A ))+ < and A = sup i<cf ( A ) Xi- Then for any BA A such that hL(A) = X, all (three) 
versions of hL are attained. 

On the other hand, in 3.7 they show that it is consistent to have a BA with hL attained 
in the right-separated sense but not in the ideal-generation sense. 

Recall from [CI] that the three versions of hL is question are (1) the version of the 
definition, sup{L(X) : X C Ult(A)}, (2) the version involving ideal generation, and (3) 
the version involving right separated sequences. Write att(i) to indicate attainment in 
the sense (i) for i = 1,2,3. In [CI] it is shown that att(2) implies att(3), and the result 
3.7 above is that it is consistent to have an example with att(3) but not att(2). Such 
an example in ZFC would be of interest. Examples in ZFC or consistency results for the 
remaining implications att(l) =^ att(2), att(l) =^ att(3), att(2) =^ att(l), att(3) =^ att(l) 
would be of interest also. 

Problem 51: hL and ultraproducts 

This problem was solved in Shelah [99] by the following result, part of 15.13: 
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If D is a uniform ultrafilter on k then there is a class of cardinals x with x K = X such that 
there are BAs Bi for i < k such that: 

(i) hL(S,) < X , hence | U. <K hL(Bi)/D\ < X ; 

(tt)hL(Yl i<K B t /D)=x + . 

Problem 52: hL and ultraproducts 

This was solved positively by the following result of Shelah, Spinas [oo] , part of Corollary 
2.4: 

There is a model in which there exist cardinals k, fi, a system (Bi : % < k) of BAs, and an 
ultrafilter D on k such that \ Y\ i<K hL{B i ) / D\ = and hL([\ i<K Bi/D) < /i + . 

Problem 53: hL and d 

This is related to the general S and L space problem, and is probably difficult. 

Problem 54: attainment for hd 

In Roslanowski, Shelah [Ola] there are two results relevant to this problem. First, Theorem 
1.5 says: 

// 2 cf ( A ) < A, then in any BA with hd equal to A, all equivalent versions are attained. 

In section 4, it is shown that it is consistent to have a singular cardinal A and a BA A with 
hd(A) = A, with attainment in the left-separated sense but not in the sense K7 defined in 
[CI]. 

To describe precisely the problems remaining here, let att(i) denote attainment in the 
following sense, for i = 0, 5, 7, 8 (keeping to the notation of [CI]): 

i = 0: the original definition of hd. 

i = 5: the left-separated equivalent. 

i = 7: supremum of tt(B) for B a homomorphic image of A 
i = 8: supremum of d(B) for B a homomorphic image of A 

In [CI] the implications att(8) =^ att(0) =^ att(7) =3- att(5) were shown, and the result 
above is that there is a consistent example with att(5) but not att(7). 

Thus a ZFC example here would be of interest. Consistent examples or ZFC examples 
with att(7) but not att(0), and with att(0) but not att(8) are not known. 

Problem 55: hd and ultraproducts 

This problem was solved in Shelah [99] by the following result, part of 15.13. 

Suppose that D is a uniform ultrafilter on k. Then there is a class of cardinals x such 
that x K = X an d there are BAs Bi for i < k such that hd(Sj) < x f or each i < k, hence 
U l< M(B i )/D<x,wh i lehd(U t<K B l /D)= X + . 
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Problem 56: hd and ultraproducts 

This problem was solved in Shelah, Spinas [oo] by the following result, part of 2.4: 

It is consistent that there exist cardinals k, fi, BAs Bi for i < k, and an ultrafilter D on k 
such that U l<K hd(Bi)/D = fi++ while hd([\ t<K B./D) = fj,+ . 

Problems 57, 58: hd, s, and x 

These two problems are related to the general S- and L-space problem, and thus are 
probably difficult. 

Problem 59: incomparability and ultraproducts 

This problem is still open. 

Problem 60: incomparability and ultraproducts 

This problem is solved positively by the following result of Shelah, Spinas [oo], part of 1.7: 

It is consistent that there exist cardinals k, fx an ultrafilter D on k, and a system {Bi : i < k) 
of interval algebras such that f| i<K (Inc(L?j) / D) = fi ++ while Inc(\\ i<K Bi/ D) < fi + . 

Problem 61: incomparability and \ 

This problem is still open; it is related to the general S- and L-space problem, and is thus 
probably difficult. 

Problem 62: h-cof and ultraproducts 

This question is answered positively in Shelah [oo] (see the comment at the end of the 
paper). 

Problem 63: h-cof and Inc 

This problem is open. Again it is related to the general S- and L-space problems, and so 
is probably difficult. 

Problem 64: ideals and automorphisms 

This problem is open. 

Problem 65: Irr and \ 

This problem is open. It is probably difficult, being related to the general S- and L-space 
problem. 

Problem 66: Irr and Inc 

This problem is open. It is probably difficult. 
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Problem 67: Irr and h-cof 

This problem is open. It is probably difficult, being related to the general S- and L-space 
problem. 

Problem 68: ideals and endomorphisms 

This problem is open. 

Problem 69: ideals and endomorphisms 

This problem is open. 

Problem 70: ideals and automorphisms 

This problem is open. 

Problem 71: endomorphisms for tree algebras 

This problem is open. 

Problem 72: s and Inc for superatomic algebras 

This problem is open. 

Problem 73: s and Irr for superatomic algebras 

In Roslanowski, Shelah [00] the consistency of a superatomic BA A with s(A) < Irr (A) is 
proved (part of Conclusion 5.8). Of course it would be interesting to get such an example 
in ZFC. 

Problem 74: Inc and cardinality for superatomic algebras 

This problem is still open. 

Problem 75: Irr and cardinality for superatomic algebras 

This problem is still open; it is probably difficult. 

Problem 76: automorphisms and endomorphisms for superatomic algebras 

This problem is solved by the following result of Shelah [01], part of Conclusion 1.8: 

Suppose that fx is a singular strong limit cardinal with cofinality greater than ui. Also, 
suppose that n > \x is regular and k < 2^ < 2 K . Then there is a superatomic BA of size k 
with fi atoms, with at most 2 M automorphisms, and with 2 K endomorphisms. 

Problem 77: ideals and subalgebras in superatomic algebras 

This problem is partially solved by the following result in Roslanowski, Shelah [00] (part 
of Conclusion 5.8): 
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It is consistent that for some k, there is a superatomic BA A such that |Id(A)| = k + and 
\Sub(A)\ = 2 K+ . 

Of course, an example in ZFC would be of interest. 

Problem 78: Inc and Irr in superatomic algebras 

This problem is partially solved by the following result in Roslanowski, Shelah [00] (part 
of Conclusion 5.8): 

It is consistent that for some k, there is a superatomic BA A such that lnc(A) = k and 
Irr (A) = k + . 

Of course, an example in ZFC would be of interest. 

Problem 79: Inc and Irr in superatomic algebras 

This problem is partially solved by the following result in Roslanowski, Shelah [00] (con- 
clusion 6.5): 

It is consistent that for some k, there is a superatomic BA A such that Inc(A) = k + and 
Irr (A) = k. 

Of course, an example in ZFC would be of interest, but this is probably difficult. 

Problem 80: automorphisms in superatomic algebras 

This problem is solved by the following result of Shelah [01], part of Theorem 2.2: 

If H is a singular strong limit cardinal of co finality u>, then there is a superatomic BA A 
such that |Aut(A)| < 2^ < \A\. 

Problem 81: automorphisms and t 

This problem is solved by the following result of Roslanowski, Shelah [00] (Conclusion 
6.10): 

It is consistent that for some cardinal k there is a superatomic BA A such that \Aut(A) \ = k 
and t(A) = k + . 

However, it would be of interest to get such an example in ZFC. 

Problem 82: s and hL for atomic algebras 

This problem is still open, and is related to the difficult general S- and L-space problem. 

Problem 83: s and hd for atomic algebras 

This problem is still open, and is related to the difficult general S- and L-space problem. 

Problems 84-91: semigroup algebras 
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There does not seem to have been any work on these problems. Problems 85, 87, and 91 
appear to be difficult. 

Problem 92: automorphisms and nx for semigroup algebras 

This problem has an obvious positive answer: take a rigid interval algebra. One can have 
such an algebra with nx arbitrarily large. See, for example, Monk [96]. 

Problem 93: automorphisms and Ind in semigroup algebras 

This problem also has an obvious positive answer with a rigid interval algebra. It is still 
open to find a rigid semigroup algebra with Ind arbitrarily large. 

Problems 94—97: semigroup algebras and algebras 
of Kunen and of Baumgartner, Komjath 

No work has been done on these problems. 
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